
Bounded Rationality, Lifecycle Consumption,
and Social Security∗

Hyeon Park†and James Feigenbaum‡

September 12, 2017

Abstract
This paper explores an overlapping-generations model of bounded ra-

tionality in which consumers only foresee the future over a subset of their
life span. We focus in particular on whether the model can, in general
equilibrium, produce a hump-shaped lifecycle consumption profile with
a peak that matches data for the average U.S. consumer. For a simple
four-period model, we show that an increasing income profile along with
exogenously imposed retirement are suffi cient to induce a hump. With no
other mechanism that can account for a hump besides bounded rational-
ity, the model best fits the salient features of consumption data with a
planning horizon of twenty years, which is well-supported by the behav-
ioral evidence found in surveys on retirement planning. Finally, we show
that the age of the consumption peak is robust to the introduction of So-
cial Security, mortality risk, and another species of bounded rationality,
quasihyperbolic discounting. Moreover, Social Security can be welfare
improving with a short planning horizon. We can calibrate the model to
jointly explain the timing of the consumption hump and the optimality
of the current Social Security system. With quasihyperbolic discounting
instead, we can calibrate the model so the current Social Security system
is optimal but we cannot also account for the timing of the consump-
tion hump. If we add quasihyperbolic discounting in addition to a short
planning horizon, the present bias has a negligible effect in equilibrium.
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1 Introduction

A well-known feature of lifecycle data on nondurable consumption is that aver-
age consumption increases while consumers are young, peaks when they reach
middle age, and then decrease afterwards. This prominent characteristic of the
consumption profile is known as the consumption hump.1 The consumption
hump has been of central interest to many researchers who study lifecycle con-
sumption because it cannot be explained by standard economic theory, a fact
often called the “lifecycle consumption puzzle.” A canonical lifecycle model,
in which the agent is fully rational, discounts future utility exponentially, and
faces no frictions (such as borrowing constraints or uninsurable income risk),
predicts a monotone consumption profile. This holds as long as the period util-
ity function is strictly concave.2 The hump can be explained qualitatively if we
eliminate any of the standard assumptions, but most explanations for the hump
still have diffi culty matching when the consumption hump reaches its peak in
general equilibrium, especially when Social Security is included. In this study,
we show that a specific form of bounded rationality, a short planning horizon,
can fit the data regarding the consumption peak in general equilibrium, even
when Social Security is taken into account. Moreover, we can calibrate the
model to match the age consumption peak and also so that the current payroll
tax rate financing Social Security is the optimal tax rate in general equilibrium.
Thus we can explain not just the consumption hump; we can also account for the
existing Social Security program, which is an even more conspicuous problem
for macroeconomists. To our knowledge, no other mechanism for explaining
the consumption hump can accomplish both of these feats together.
Of course, discrepancies between the predictions of standard models and

existing data are not limited to the consumption hump. There has recently
been a growing level of interest in exploring how bounded rationality can better
account for many aspects of consumer behavior. Such models deviate from
the traditional assumption of full rationality while still retaining the assump-
tion that households optimize, though often with more constraints than in fully
rational models. Under bounded rationality, a term attributed to Herbert Si-
mon, agents have to abide limits to their ability to formulate and solve complex
problems. For example, agents may be limited in their ability to process infor-
mation.3 A boundedly rational agent may not have full information regarding
his options or may face additional costs, either physical or mental, beyond the
normal economic sphere of explicit payments and transactions.
In this paper, we find that a bounded-rationality model can generate, in a

well calibrated general equilibrium, a consumption hump that matches data on

1Thurow (1969) was the first to report a consumption hump. He showed that both the
lifecycle consumption and income streams are hump-shaped, but the age of the consumption
peak comes slightly earlier than the age of the income peak.

2The Euler equation of the standard model indicates that u′(ct) = βRu′(ct+1). If marginal
utility is strictly decreasing, ct Q ct+1 whenever βR R 1.

3This could include limits on receiving, storing, retrieving, or transmitting information
(Williamson (1988)).
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lifecycle consumption. Specifically, we construct a model with a short planning
horizon in which the household is limited in its ability to perceive the future.
Consumers optimize period by period, maximizing their perceived lifetime util-
ity over a subset of their life span. A model with a planning horizon of 20 years
produces a consumption hump with a peak that coincides with the peak ob-
served in empirical data. Moreover, the hump is robust to a range of plausible
alternative parameters and also to several variations on how precisely we model
the short planning horizon.
That our model produces a hump with properties that are robust in gen-

eral equilibrium is important because matching the data in partial equilibrium
has been shown to essentially be a trivial exercise. While the most stripped-
down canonical model must have a monotonic consumption profile, that is an
extremely fragile property of the canonical model. Almost any wrinkle one
can think of will destroy the monotonicity of the basic model. If the preference
parameters and factor prices are all free parameters, they can be chosen to mold
this nonmonotonic consumption profile to look like the empirical consumption
profile. However, the same model with the same exogenous parameters may
yield a very different consumption profile when factor prices are determined
endogenously by general-equilibrium market-clearing conditions.
Another common criticism of explanations for the consumption hump is that

they simply add additional parameters to the model, which by itself can always
generate a better fit to data. Of course, the normal scientific response to such a
criticism is to show that the additional parameters generate their own testable
predictions that are met by the data. However, most explanations for the hump
struggle to satisfy this second test or only barely do so. For example, in a model
with uninsurable income risk, precautionary saving can easily account for the
hump if there is suffi cient uncertainty about future income. Empirically, though,
there is considerable question whether there is enough income uncertainty—as
opposed to heterogeneity, which does not alter the lifecycle profile of aggregate
consumption—to meet this condition (Cunha, Heckman, and Navarro (2005),
Guvenen (2007)).4

Similar criticisms can be made about a short planning horizon. While there
is some evidence that people only plan ahead for a portion of their expected life
span, there has, as of yet, been no study that definitively establishes this as a
robust feature of people’s behavior. Nevertheless, the bounded rationality im-
plied by a short planning horizon does yield testable predictions about household
preferences for Social Security. The parameter values that can jointly account
for both the location of the consumption hump and the size of the existing So-
cial Security program are in the center of where most researchers believe these
values ought to be, rather than exotic values that strain credulity. The range
of parameters consistent with these predictions is also fairly narrow. If further
behavioral research corroborates that a sizable fraction of the population has a

4Likewise, if preferences for consumption and leisure are nonseparable, this can generate a
consumption hump, but only if there is a corresponding hump in labor hours. Bullard and
Feigenbaum (2007) show that, given the noise in labor-hour data over the lifecycle, the data
may be consistent with such a hump, but this is not really a successfully tested prediction.
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planning horizon of roughly twenty years, this would be a remarkable predictive
success for a social science.
We can divide the mechanisms capable of generating a consumption hump

into two groups: those that work through the standard consumption Euler equa-
tion and those that do not. The Euler equation relates current consumption
to future consumption by equating the intertemporal marginal rate of substi-
tution to the price of future consumption relative to current consumption, i.e.
the gross interest rate, or more precisely its reciprocal. If this equation holds,
it determines the rate of consumption growth. A hump occurs wherever this
growth rate transitions from positive to negative. The hump will have its peak
at the age where the growth rate crosses zero. Mechanisms that work through
the standard Euler equation struggle to pin down the age of the consumption
peak because the consumption growth rate depends on the interest rate, and
the interest rate is endogenous in general equilibrium. Thus the location of a
peak created by these mechanisms is very fragile.
However, while most mechanisms fall into this first class, there are two mech-

anisms that do not. Instead, they alter or nullify the Euler equation, in the one
case because the household cannot obey the Euler equation and in the other be-
cause completely unanticipated information intervenes. These are, respectively,
a binding borrowing constraint and a short planning horizon.
Unlike the first group of mechanisms, in this more exclusive second group the

age of the consumption peak is determined by the income profile. For example,
a binding borrowing constraint forces the consumption profile to match the
income profile during the period when the constraint binds. This is too rigid of
a prediction since it requires the consumption peak to coincide with the income
peak whereas the consumption peak occurs earlier in the data.5

With a short planning horizon, the main factor that determines the rate of
consumption growth is the household’s changing perceptions of what income it
will earn over the next several years. Early in life, as the household’s income is
rising, each period it discovers that its “lifetime”income has increased, allowing
it to consume more than it did the previous period. Eventually, though, the
household reaches a point where it realizes it is going to retire and its income will
drop substantially. As the household gradually accepts that it will spend more
of its remaining life in a state of retirement, it reduces its consumption. The
peak of the hump occurs when the household transitions from a phase where it
expects to earn a large income indefinitely to a phase where it realizes it must
start planning for retirement. Thus the age of the consumption peak is largely
determined by the size of the window over which the household plans its future
and is very insensitive to the interest rate.
For the same reason, the properties of the consumption hump are also largely

insensitive to the introduction of Social Security. In models where the con-

5 Introducing borrowing costs, as opposed to a prohibition on borrowing, is more realistic
and adds more degrees of freedom, though this mechanism then straddles the two classes of
explanations for the hump. The location of the peak is only determined by the income process
if it falls within the subset of the life span where the household wishes to neither save nor
borrow. See Guo (2013).
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sumption profile is sensitive to the interest rate, Social Security has a big effect
on the consumption profile since Social Security raises the equilibrium interest
rate. For example, Bullard and Feigenbaum (2007) established that, if house-
holds view leisure and consumption to be substitutes, a hump-shaped profile
of labor productivity over the lifecycle can yield a consumption profile similar
to the empirical consumption profile in general equilibrium. But this was in a
model without Social Security. Hansen and Imrohoroglu (2008) could not ob-
tain a quantitatively similar profile in what was essentially the same model with
Social Security added. In contrast, Social Security has much smaller effects on
the consumption profile in a short-term planning model and need not shift the
age of the consumption peak.
Whereas models with full rationality stumble over the fact that Social Se-

curity reduces lifetime welfare in these models, the short-term planning model
also provides an explanation for why we need Social Security. If households do
not start saving for retirement until they get close to retirement, Social Security
can increase welfare.6 Indeed, Feldstein (1985) began the literature on Social
Security and bounded rationality by expounding upon a short-horizon model in
which some households cannot plan for the future. While present-biased prefer-
ences, such as hyperbolic discounting, are invoked more often today as the reason
why we need Social Security, Imrohoroglu et al (2003) and Caliendo (2011) have
shown that it is, in fact, rather diffi cult to get Social Security to improve welfare
with present-biased preferences. A present bias does lead to time-inconsistent
decision-making, yet this behavior is a relatively benign form of bounded ra-
tionality that can still be reconciled with full rationality (Feigenbaum (2016))
under different but observationally equivalent preferences. What makes Social
Security valuable to a short-horizon planner is the household’s time-inconsistent
expectations about future income as opposed to its future preferences. In this
model, the household chooses low saving not because it could care less about the
future, in which case a forced saving mechanism would be unhelpful. Rather,
the household chooses low saving because its retirement is too far in the future
to consider so it does not think it needs to save even though, ex post, it would
have preferred to have saved more.
The more a household values consumption late in life, i.e. the bigger its

discount factor, the more positive the change in welfare will be when Social
Security is added to the model. Since Social Security is welfare-improving for
much of the parameter space, we can find parameters such that the current
Social Security program is optimal, maximizing the representative household’s
lifetime utility in general equilibrium. The model has three preference para-
meters: the discount factor, the elasticity of intertemporal substitution, and
the length of the planning horizon.7 The last can be pinned down by the lo-
cation of the consumption peak, which should be the retirement age minus the

6Findley and Caliendo (2009) also report an example where Social Security can improve
welfare in a short-term planning model, although they do not match the consumption hump.

7The three parameters are all separately identified if we include mortality risk in the model.
Without mortality risk, the discount factor and elasticity of intertemporal substitution are
not separately identified in the steady state.
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planning horizon. The capital-output ratio can then be used to fix either of
the two remaining parameters. Since the elasticity of intertemporal elasticity
is a dimensionless number that is more easily interpreted,8 we vary that and
adjust the discount rate to match our target capital-output ratio. However,
as we vary these two parameters, what really matters in terms of the welfare
consequences of Social Security is the discount factor. A household that puts a
high value on consumption late in life but has diffi culty planning for retirement
will benefit from Social Security. Thus Social Security is more likely to improve
welfare if the discount factor is high. If we increase the discount factor, we
need a lower elasticity of intertemporal substitution to get the same interest
rate and capital-output ratio in general equilibrium. Thinking about the cali-
bration in this way, Social Security becomes more beneficial as the elasticity of
intertemporal substitution gets smaller.
While we would argue there is strong evidence that a short planning horizon

plays an important role in explaining the consumption hump (and Social Secu-
rity), it is naive to think that one mechanism alone can account for the hump.
We doubt that any researchers in this field honestly believe there is one golden
explanation that can account for the lifecycle consumption profile in its entirety,
though much of the literature does give this impression. Mortality risk, uninsur-
able income risk, tradeoffs between nondurable consumption and other goods,
etc. all definitely exist in reality, and they all must presumably play some role in
explaining consumption over the lifecycle, though we may not be able to include
every one of them in a useful model. Yet these other mechanisms all modify
the consumption profile through the Euler equation whereas the short horizon
mechanism works through time-inconsistent expectations. Because they work
through different channels, these other mechanisms are in some sense orthog-
onal to the short planning horizon. They do not interfere with its ability to
pin down the age of the consumption peak. Consequently, we would suggest
that one mechanism that must be included in any serious model of lifecycle
consumption is a short planning horizon.
To demonstrate this, in the most complete version of the model, we include

mortality risk and quasihyperbolic discounting in addition to the short planning
horizon. Conditional on the assumption of constant relative risk aversion, most
macroeconomists have a prior that the elasticity of intertemporal substitution is
somewhere between 0.5 and 1.9 In our full model with an elasticity of intertem-
poral substitution of 0.7—so in the middle of that range—and a planning horizon
of 20 years, the general equilibrium yields a consumption peak at age 45, match-
ing empirical data. Moreover, with this calibration, if we vary the payroll tax,
the current tax supporting Social Security’s Old Age and Survivor’s Insurance

8The elasticity of intertemporal substitution will not change with the time scale of this
overlapping-generations model whereas the discount factor (and discount rate) will depend on
the length of a period in this overlapping-generations model.

9See, for example, Ljungqvist and Sargent (2004). Hall (1988) is, of course, a counterex-
ample that estimates a much lower elasticity of intertemporal substitution. Social Security
would still improve welfare at such very low elasticities, but the optimal program would be
much larger than the current system.

6



fund maximizes lifetime utility in general equilibrium. Thus, with this model,
we can jointly explain the peak age of the consumption hump and the current
Social Security program. Adding or removing quasihyperbolic discounting does
not significantly alter this equilibrium. However, if we take the short planning
horizon out of the model, those results go away. With an infinite planning
horizon, mortality risk, quasihyperbolic discounting, or the combination of the
two always yield a consumption hump that peaks late in life, after age 60 or
more. A short planning horizon is crucial to understanding Social Security and
the consumption hump within the same model.
The paper is organized as follows. In Section 2, we review the literature

on the consumption hump. In Section 3, we demonstrate the mechanism by
which the short-term planning model yields a consumption hump in a simple
four-period model. In Section 4, we introduce the full lifecycle model (with-
out Social Security). In Section 5, we calibrate the full model and determine
what planning horizon best fits the empirical consumption profile. In Section
6, we introduce Social Security and show that it discuss what properties remain
robust to this inclusion. Then in Section 7, we consider the full model with
bounded rationality, Social Security, and mortality risk and show how Social
Security impacts lifetime welfare under both a short planning horizon and qua-
sihyperbolic discounting. In Section 8, we explore some further modifications
of the model. We close in Section 9 with some concluding remarks.

2 Related Literature

The literature on the consumption hump is quite large, which emphasizes the
need for explanations that do more than simply account for the hump. More
traditional explanations that adhere to full rationality fall into three groups:
measurement issues, nonseparable preferences, and frictions. A hump can arise
artificially if researchers are not careful about how they correct for the chang-
ing size of the family over the lifecycle (Attanasio et al. (1999)) or if they
do not account for home production as well as market consumption (Aguiar
and Hurst (2007); Dotsey, Li, and Yang (2014)) since we can expect both fam-
ily size and market consumption to have hump-shaped consumption profiles.
This is closely related to the explanation of Heckman (1974) and Bullard and
Feigenbaum (2007) that a consumption hump can arise if leisure and consump-
tion are substitutes since the path of consumption should mirror the oppor-
tunity cost of allocating time to leisure activities, which is the same as the
cost of spending time on household production.10 Likewise, if preferences for
nondurable consumption and durable consumption goods are not separable, a
nonomonotonic lifecycle profile for nondurable consumption could result from a

10To be more precise, this mechanism only requires that an increase in the wage over
time result in an increase in consumption over the same time. Consumption, averaged
over the lifecycle, need not respond to the average wage, as it would if consumption and
leisure had a positive cross-price elasticity. This “substitutability”will arise if the elasticity
of intertemporal substitution is greater than one, in which case the substitution effect on
consumption of wages increasing over time would outweigh the corresponding income effect.
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nonmonotonic profile for durable goods, such as a hump-shaped need for housing
capacity (Fernandez-Villaverde and Krueger (2011)) or financing issues. The
latter brings us to frictions, the most commonly cited explanation for the con-
sumption hump. Borrowing constraints (Deaton (1991)); uninsurable income
uncertainty and precautionary saving (Carroll (1997), Gourinchas and Parker
(2002)); and uninsurable mortality risk (Feigenbaum (2008); Hansen and İm-
rohoroğlu (2008)) can each, either individually or in unison, account for the
consumption hump. Excepting the measurement issues and binding borrowing
constraints, all of these explanations are sensitive to the interest rate. We must
turn to bounded rationality to find other explanations insensitive to the interest
rate.
The literature on short horizon models actually begins with Friedman’s

(1957) Theory of the Consumption Function, which allowed for the possibil-
ity that households do not plan over their entire life span in the formulation of
the Permanent-Income Hypothesis.11 Feldstein (1985) was the first to suggest
that a short horizon could justify Social Security while Caliendo and Aadland
(2007) were the first to propose a short horizon as an explanation for the con-
sumption hump. In terms of psychology, many different microlevel explanations
have been offered for why households ought to be modeled as boundedly ratio-
nal agents with a short planning horizon. Griffi th et al (2012) have looked at
how subjective life expectancy might shorten a household’s time horizon. Hong
and Hanna (2014) have suggested that the horizon may vary over the lifecycle,
depending on the household’s current financial outlook. Fisher and Montalto
(2010) derived a short horizon from Kahneman and Tversky’s (1979) prospect
theory.
Empirically, researchers have found a wide range of planning horizons de-

pending on the method of elicitation. For example, the Survey of Consumer
Finances has a question about the respondent’s financial planning horizon. In
2004, about one third of respondents said they had a planning horizon between
5 and 10 years, and another sixth said they had a planning horizon of more
than 10 years (Rutherford and DeVaney (2009)). However, these findings are
subject to the usual criticisms of survey data, which may reflect the respon-
dent’s perception of how he behaves rather than how he actually behaves. The
Retirement Confidence Survey of 2007 found that the average US worker plans
to retire at age 65 and starts planning for this retirement at age 45 with an
extension of living 20 years beyond retirement. This is also consistent with
the anecdotal observations of the older of the two of us, who has noticed that
his cohort has begun to discuss when to start collecting Social Security benefits
now that we are in our late 40s.
One reason why present bias has gotten so much more attention from re-

searchers than a short planning horizon may be the simple convenience that one
can measure present bias without observing a person over his or her entire life-
cycle. There is considerable laboratory evidence that people tend to value im-
11Rational inattention (Sims (2003), Moscarini (2004), and Reis (2006)) is a closely related

form of bounded rationality in which planning occurs infrequently due to costs of collecting
relevant information.
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mediate consumptions differently from future consumptions. Delayed outcomes
are devalued heavily compared to immediate outcomes, and, in particular, later
outcomes are devalued more heavily relative to the immediate outcome than
the later outcome would have been in the past when all of these outcomes were
viewed as future outcomes and neither was considered immediate. The most
common present-bias models involve hyperbolic or quasihyperbolic discounting
functions.12

As O’Donoghue and Rabin (1999) noted, nonexponential discounting func-
tions can be modeled either in a sophisticated or naive manner, depending on
whether the household knows its preferences will change. In the sophisticated
approach, Laibson (1997) models the agent with dynamically inconsistent pref-
erences. Over a T -period lifespan, T different selves will play a T -period game
in which the consumption and saving decisions of past selves determine the asset
constraints of future selves. He solves for a subgame-perfect equilibrium and
finds that the consumption profile can track the income flow.13 Park (2012)
is an example of the naive approach, under which the agent still has T selves.
Given his past saving, the self at age t will solve the lifecycle consumption and
saving problem from ages t to T . Unlike the sophisticated agent, however, the
naive agent, analogous to what happens in the short-term planning model, is
unaware that his future selves will abandon the plans made at age t and earlier,
and reoptimize the savings at their disposal. Again though, whether households
are naive or sophisticated, this mechanism still involves consumption smooth-
ing, so the properties of the consumption hump will be very sensitive to the
interest rate, as we will see for the case of naive quasihyperbolic discounting.

3 An Analytic Model

To begin with let us demonstrate how the short planning horizon results in a
consumption hump by considering a simple version of the model that can be
studied analytically. Suppose that a boundedly rational agent lives for four
periods, denoted t = 0, 1, 2, 3. This is the minimum number of periods under
which the short-term planning model can produce a consumption hump. We
also suppose the agent has a planning horizon of two periods, meaning at each
period (except the last) the agent forms a plan of what he will do in the current
period and next period, completely disregarding what might happen afterwards.
The agent has an exogenous income stream yt ≥ 0 for t = 0, ..., 3. At least

one of y0 or y1 must be strictly positive.14 Period utility is of the CRRA form

u(c) =

{
ln c γ = 1

1
1−γ c

1−γ γ ∈ (0, 1) ∪ (1,∞)
, (1)

12The former is more conducive to continuous time while the latter is more conducive to
discrete time.
13For some preference calibrations, this may require the introduction of illiquid assets, so-

called “golden eggs,” into the model.
14 If the agent does not earn some income within the first two periods, he will starve since

he will not know that he can borrow against any income that he will earn later.
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where γ > 0 denotes the degree of risk aversion or the inverse of the elasticity of
intertemporal substitution.15 The agent discounts future utility by the discount
factor β > 0. We also assume there is no borrowing constraint and the agent
can borrow or lend freely at the gross market interest rate R > 0. Given bt(t),
which will be zero if t = 0, the optimization problem for an agent at t = 0, 1, 2
will be

U(t) = max
{ct(t), ct+1(t)}

u(ct(t)) + βu(ct+1(t)) (2)

subject to
ct(t) + bt+1(t) = yt +Rbt(t) (3)

ct+1(t) = yt+1 +Rbt+1(t). (4)

Here cs(t) denotes consumption at age s as planned at age t and bs+1(t) denotes
saving at age s to be realized at age s + 1, again as planned at age t. This
problem has the well-known solution

ct(t) =
φ

1 + φ

(
yt +

yt+1

R
+Rbt(t)

)
(5)

ct+1(t) =
R

1 + φ

(
yt +

yt+1

R
+Rbt(t)

)
, (6)

where
φ = (βR1−γ)−1/γ (7)

is a convenient variable for concisely expressing marginal propensities to save
and consume. An agent in the last period, t = 3, has no future to worry about,
so he will simply plan to consume his remaining cash on hand, which is also
what he planned for his age-3 consumption at age 2:

c3(3) = c3(2) = y3 +Rb3(2). (8)

Note that the agent will always consume at age t what he plans to consume,
ct(t). However, except for the last period, the agent’s intention to consume
ct+1(t) at age t + 1 will not be carried out. Instead, when the agent gets to
period t+ 1 he will see that he has an additional period, t+ 2, that he did not
plan for at age t, so he will have to revise his plans.

Over the entire life span, the actual consumption profile will be

c0(0) =
φ

1 + φ

(
y0 +

y1

R

)
(9)

c1(1) =
φ

1 + φ

(
y∗1 +

y2

R

)
(10)

c2(2) =
φ

1 + φ

(
y∗2 +

y3

R

)
(11)

c3(3) =
R

1 + φ

(
y∗2 +

y3

R

)
, (12)

15Only the elasticity of intertemporal substitution matters for this paper, but we may refer
to γ as the risk aversion for economy of language.
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where
y∗t = yt +Rbt(t) (13)

is cash on hand at age t.
Note that the agent’s financial wealth at age t, bt(t), is exogenous at age t,

so it will always satisfy
bt(t) = bt(t− 1). (14)

For t = 1, 2, however, the right-hand side will be determined with the informa-
tion that the agent has at age t−1, which will be different from the information
the agent has at age t.16 To express the actual consumption profile in terms
of exogenous variables only, we need to solve the budget constraints (3) for the
actual savings b1(0) and b2(1) at ages 1 and 2 respectively:

b1 = b1(0) =
y0 − φ

Ry1

1 + φ
(15)

and

b2 = b2(1) =
R

(1 + φ)2

[
y0 +

y1

R
− φ+ φ2

R2
y2

]
. (16)

Substituting these into y∗t = yt + Rbt for t = 1, 2 pins down the entire
consumption profile:

c0 =
φ

1 + φ

(
y0 +

y1

R

)
(17)

c1 =
φ

1 + φ

(
y1 +

y2

R
+R

y0 − φ
Ry1

1 + φ

)
(18)

c2 =
φ

1 + φ

(
y2 +

y3

R
+

R2

(1 + φ)2

[
y0 +

y1

R
− φ+ φ2

R2
y2

])
(19)

c3 =
R

1 + φ

(
y2 +

y3

R
+

R2

(1 + φ)2

[
y0 +

y1

R
− φ+ φ2

R2
y2

])
. (20)

We can better see how consumption evolves over the lifecycle under the short-
term planning model, if we rewrite (18)-(20) to show how the consumption at
each period relates to the consumption in the previous period:

c1 =
R

1 + φ
c0 +

φ

1 + φ

y2

R
(21)

c2 =
R

1 + φ
c1 +

φ

1 + φ

y3

R
(22)

c3 =
R

φ
c2. (23)

16While bt(t) and bt(t − 1) are always the same, updates in planned saving can be seen
in the change from bt(t − 2) to bt(t − 1). We assume here that with a two-period planning
horizon, bt(t− 2) = 0.
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For comparison, in the fully rational model, consumption would follow the Euler
equation

ct+1 =
R

φ
ct (24)

for t = 0, 1, 2. In the short-term planning model, (24) is only followed between
ages 2 and 3 when the horizon covers the remaining life span. For t = 0, 1, we
have instead

ct+1 =
R

1 + φ
ct +

φ

1 + φ

yt+2

R
. (25)

This deviates from (24) in two respects. First, when the agent gets to period
t+1, he now realizes that he is actually going to earn income at t+2 that he did
not account for at period t, so he adjusts his consumption accordingly. Second,
even if yt+2 = 0, when the agent gets to period t + 1, he now discovers that,
whereas at period t he only planned to allocate the wealth he observed at t
over two periods, he actually should have allocated it over three periods. So he
reduces the consumption

ct+1(t) =
R

φ
ct (26)

that he previously anticipated he would enjoy at t + 1 by the factor φ
1+φ to

smooth these resources over the additional period he now sees he must plan for.
The new Euler equation (25) reflects the core property of the bounded-

rationality model: re-optimization ties consumption more closely to income. It
is important to notice that the fully rational Euler equation (24) would pre-
serve the monotonicity of the consumption profile under any choice of income
process since the growth rate R

φ is constant over the lifecycle. That would still
be true even under the boundedly rational Euler equation (25) if all income was
earned in the first two periods, i.e. within the agent’s initial planning horizon.
In this case where the household has fully rational expectations even under the
short-term planning model, the consumption profile would actually be convex.17

There will be a kink in the consumption profile as the agent finally starts plan-
ning for his entire remaining life span. Before the kink, the consumption profile
will be monotonic with the low constant growth rate R

1+φ and, after the kink,

the growth rate will increase to R
φ .
18

However, when income is earned after the first two periods, so the agent
has irrational expectations about his future income when he starts to plan his
consumption, then (25) offers no guarantee of monotonicity.19 Under what
conditions will the Euler equation (25) generate a consumption hump?

17See Feigenbaum, Findley, and Caliendo (2016) for an explanation of why the consumption
profile will be convex in this case. If all income is earned within the initial planning horizon,
the short-term planning model is equivalent to the pure myopia model of Feigenbaum (2016).
18 If the horizon S was longer than two periods, the consumption profile will also be

monotonic during the phase after the kink. If the agent lives for periods 0, ..., T , the kink
will occur at age T + 1− S.
19By irrational expectations, we mean the agent does not form his expectations as Muth

(1961) assumes.
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To analytically derive the conditions for a hump, we first define a consump-
tion hump in a strict sense:20

Definition A consumption hump for a (T + 1)-period model is a consump-
tion profile {ct}Tt=0 that satisfies the following: i) There is a consumption peak
at time t ∈ {0, ..., T}; ii) Consumption is monotonically increasing up to t; iii)
Consumption is monotonically decreasing beyond t.

With four periods, t = 0, 1, 2, 3, a consumption profile that satisfies the strict
definition of a consumption hump will either have the form {c0 ≤ c1 ≤ c2 ≥ c3}
or {c0 ≤ c1 ≥ c2 ≥ c3}, depending on whether the peak occurs at c1 or c2. The
following propositions specify conditions to obtain a hump with a peak at age
1 in this four-period model. Note that since we can rewrite (7) as

φ = (βR)−
1
γR (27)

and since γ > 0, φ T R iff βR S 1.21

Proposition 1 If the boundedly rational agent’s income stream satisfies y2 >
φ−r
1+φ (Ry0 + y1), where r = R − 1, then c0 < c1. If preferences are such that
φ < r, the increasing property will be satisfied for any permissible y2.

Proposition 2 If φ ≥ r and y3 < (φ− r) R
1+φ

(
Ry0+y1

1+φ + y2

R

)
, then c1 > c2.

In particular, if y3 = 0 and φ ≥ r, (79) will be satisfied. If retirement is
exogenously imposed (and there is no Social Security), the condition (79) will
seldom be violated. The preference condition will also hold for most calibrations
since if R and β are close to 1, φ will also be close to 1 and r will be close to 0.

Proposition 3 If the boundedly rational agent’s income stream {y0, y1, y2, y3}
satisfies both (76) and (79), and βR ≤ 1, the consumption profile will be hump-
shaped in the strict sense with a peak at age 1.

Notice that the conditions on the income process for a consumption hump
in this four-period model are relatively weak. Proposition 1 requires that y2

be suffi ciently high relative to y0 and y1, and Proposition 2 requires that y3 be
suffi ciently small. Essentially, these conditions will be satisfied if the income
profile is hump-shaped with a peak at age 2. The condition that βR ≤ 1 is
quite strong, but this can be significantly relaxed if we employ a weaker notion
of a consumption hump that permits a rise in consumption at the end of the
life span.22

As a simple example, suppose that β = R = 1. If {y0, y1, y2, y3} =
{1, 1, 2, 0}, then {c0, c1, c2, c3} =

{
1, 3

2 ,
3
4 ,

3
4

}
. In fact, with these preferences,

20A weaker definition would require a global maximum but allow for wiggles that result in
local peaks.
21The proofs are contained in Appendix A.
22The condition is unnecessary if we ignore what happens after the agent stops reoptimizing.

13



condition (76) is such that we only need y2 > c0 = y0+y1
2 to get a hump

with a peak at age 1. Thus if {y0, y1, y2, y3} = {1, 1, 1, 0}, we would have
{c0, c1, c2, c3} =

{
1, 1, 1

2 ,
1
2

}
, and there would be no hump. But if {y0, y1, y2, y3} =

{1, 1, 1+ε, 0} for small ε > 0, we do get a hump: {c0, c1, c2, c3} =
{

1, 1 + ε
2 ,

1
2 + ε

4 ,
1
2 + ε

4

}
.

Lastly, it should be noted that the peak of the income hump need not be
at age 2 if y2 is suffi ciently larger than y0, so that y2 > y0+y1

2 still holds.
For example, if {y0, y1, y2, y3} = {1, 4, 3, 0}, we still get a consumption hump:
{c0, c1, c2, c3} =

{
5
2 ,

11
4 ,

11
8 ,

11
8

}
.

4 The Full Lifecycle Model

Now we move to a general lifecycle model with a boundedly rational consumer
who lives for T + 1 periods for any T > 1 and makes decisions under a short-
term planning horizon. We begin by solving the consumer’s problem in partial
equilibrium and then introduce technology and overlapping generations to solve
for a general equilibrium. So as to isolate the effects of the short planning
horizon from other elements of the model, in this section we do not introduce a
government. Later, we will see how the properties of the lifecycle consumption
profile change in response to Social Security.

4.1 The Consumer’s Problem

4.1.1 Environment

Time is discrete and denoted by t. In each period a generation of identical
cohorts of unit measure is born and lives with perfect certainty for T+1 periods,
earning exogenous income yt. There is a single good, which can either be
consumed or saved. There is no borrowing constraint so agents can borrow and
lend freely at the (market-determined) gross interest rate R.

4.1.2 Consumer Optimization

All of the above is standard. Where we diverge from the standard rational model
is the assumption that the consumer cannot plan his entire future. Instead,
the consumer is only aware of and can plan for what will happen over the next
S periods, where 0 ≤ S ≤ T .
Let us first define our notation. A variable x, such as consumption c, at age

s, planned for at age t by a consumer with planning horizon S, is denoted by
xSs (t).23 The planning horizon superscript will be suppressed for convenience
whenever the notation is unambiguous. We also define

h(t) = min{t+ S, T} (28)

to be the last period in the consumer’s planning horizon as of age t.

23The physical age will be s+ 25 if consumers start working when they are 25 years old.
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At age t = 0, ..., T , given initial saving bt(t), which will be zero if t = 0, the
consumer with planning horizon S will solve

U(t) =

h(t)∑
s=t

βs−tu(cs(t)) (29)

subject to

cs(t) + bs+1(t) = ys +Rbs(t) s = t, ..., h(t) (30)

bh(t)+1(t) = 0. (31)

The preference parameters β and u(·) satisfy the same conditions as in
Section 3.24 Eq. (31) assumes here that the consumer at age t does not plan
to hold any assets when he arrives at the apparent terminal age h(t). We will
relax this assumption in Section 8.2.
The consumer’s plan at age t—as opposed to the path of his actual consumption—

must satisfy the usual Euler equation of a fully rational agent

c−γs (t) = βRc−γs+1(t) (32)

for s = t, ..., h(t) − 1. The constraints (30) and (31) can also be combined to
obtain a “lifetime”budget constraint that the agent will believe he must satisfy
at age t:

h(t)∑
s=t

cs(t)

Rs−t
=

h(t)∑
s=t

ys
Rs−t

+Rbt(t). (33)

Let us define the right-hand side

Wt(t) =

h(t)∑
s=t

ys
Rs−t

+Rbt(t) (34)

as the apparent lifetime wealth at age t. Solving (32) to obtain the cs(t) as
functions of the (actual) age-t consumption ct(t) and substituting them into
(33), we arrive at the consumption function

ct(t) =
Wt(t)∑h(t)
s=t φ

t−s . (35)

Then for s = t, ..., h(t), the consumer at age t will expect his consumption at
age t to follow the path

cs(t) = (βR)
s−t
γ

Wt(t)∑h(t)
i=t φ

t−i . (36)

24Because the model assumes a finite time horizon, the common restriction that β ≤ 1 is
unnecessary.
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Thus, if an agent has planning horizon S, the planned consumption at age t
will follow the profile

CP (t) = {cSt (t), cSt+1(t), cSt+2(t), ..., cSh(t)(t)} (37)

over the perceived life span at age t. However, the only part of this profile
that will actually be followed is the inital component ct(t). The actual lifecycle
profile of an agent with planning horizon S will be

{ct}Tt=0 = {cS0 (0), cS1 (1), cS2 (2), ..., cST (T )} (38)

Likewise, the profile of the agent’s actual asset holdings will be

{bt+1}T−1
t=−1 = {bS0 (−1), bS1 (0), bS2 (1), ..., bST (T − 1)}, (39)

where bS0 (−1) = 0.
Fig. 1 shows a set of planned consumption profiles for a typical example

with a hump-shaped productivity profile.25 The realized consumption profile,
the bolder curve, is the envelope of the planned consumption profiles.26 Notice
that all the planned consumption profiles are monotonic. Indeed, they are
nearly parallel since the growth rate is the same for all of them. This is
because the plans must behave like the consumption profile of a fully rational
agent. However, in Appendix B, we show that the actual consumption path
must satisfy the generalized Euler equation

ct+1 =
R

φS+1 − 1

[
(φS − 1)ct +

(φS+1 − φS)

RS+1
yt+S+1

]
(40)

for t < T − S. Because of the second term, which depends on the income at
age t + S + 1, the realized consumption profile, i.e. the envelope curve, must
track the household’s labor income profile. Since the labor income profile is
hump-shaped, so also is the realized consumption profile.

4.2 Technology and General Equilibrium

To make this a general-equilibrium model, we add a production technology to
the economy. Assume there is a continuum of identical perfectly competitive
firms with the Cobb-Douglas production function

F (K,N) = KαN1−α, (41)

where K is the aggregate capital stock and N is the labor supply. During work-
ing periods, agents are endowed with one unit of labor time, which is supplied

25This result is obtained using the labor productivity profile of Section 5.1 with S = 10,
γ = 3, R = 1.045, and β = 0.98.
26At the end of the (actual) life span, the realized consumption profile will follow the last

planned consumption profile since at that point the plans will no longer change.
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Figure 1: Planned and realized consumption profiles (c/w) for the model with a
horizon of S = 10. The realized consumption profile (dark blue) is the envelope
of the sequence of planned consumption profiles (light blue).
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inelastically. A household of age t contributes et, measured in effi ciency units,
to the labor supply, which is defined as

N =

T∑
t=0

et. (42)

This variable is exogenous. Meanwhile the capital stock is the aggregate of
household savings:

K =

T∑
t=0

bt, (43)

which is endogenous. Given (41), the marginal products of capital and labor
are respectively

FK(K,N) = α

(
K

N

)α−1

(44)

and

FN (K,N) = (1− α)

(
K

N

)α
. (45)

For now we assume that a household of age t sells its labor on the market
for wes, where w is the (market-determined) wage.27 Thus income is

yt = wet. (46)

Definition A competitive equilibrium is an allocation {ct}Tt=0, a set of bond
demands {bt+1}Tt=0, a capital stock K, a labor supply N , and a gross interest
rate R, and a wage rate w such that the following are satisfied:

i) Given R and w, {ct}Tt=0 and {bt+1}T−1
t=0 solve the consumer’s problem.

ii) Factors are paid their marginal productivity:

w = FN (K,N) (47)

R = FK(K,N) + 1− δ (48)

iii) The aggregate demand for saving equals the capital stock, so (43) is
satisfied.

Note that while a general equilibrium is described by several variables, they
can all be expressed as functions of one variable: the gross interest rate R.28

By (44) and (48),

K(R) = N

(
R− 1 + δ

α

) 1
α−1

. (49)

27Later, we will introduce a Social Security program, which will reallocate labor income
between cohorts.
28Procedurally, we expressed the variables in terms of R. We could have equivalently

expressed them as functions of the capital stock K.

18



Meanwhile, (45) and (47) give the wage to be

w(R) = (1− α)

(
R− 1 + δ

α

) α
α−1

. (50)

Thus the problem of finding a competitive equilibrium reduces to the problem
of solving Eq. (43) for R. After substituting in (49) and (42). this can be
expressed as

T∑
t=0

bt(R) =

(
R− 1 + δ

α

) 1
α−1 T∑

t=0

et. (51)

5 Quantitative Analysis

The goal of this quantitative analysis is to assess how well a short horizon can
account for the stylized facts regarding lifecycle consumption data in a calibrated
general-equilibrium model with no other mechanism that can account for the
hump. In the following simulation exercises, we use the mean income profile
estimated by Gourinchas and Parker (2002) as our wage profile and then seek
to determine how well the resulting lifetime consumption profile matches the
mean consumption profile that they estimate. Since we do not have growth in
the model, we can interpret the equilibrium series of consumption, income, bond
demand, and labor supply in our overlapping-generations model as economy-
wide cohort averages.
The simulation exercise reveals that the short-term planning model can pro-

duce a consumption hump with the correct size and location for the consumption
peak in a well-calibrated general equilibrium. The location of the peak typically
falls between 40 and 54 years old for all planning horizons from 5 to 26. Like-
wise, the size of the peak varies from above 2 to slightly more than 1 for the same
range of planning horizons. Both of these observables are decreasing functions
of the planning horizon, so with a suitable choice of the planning horizon we
can produce in general equilibrium a consumption hump similar to the empirical
consumption hump.

5.1 Calibration

First, we calibrate the overlapping-generations structure by setting the period
of the model to a year. Agents are “born”at age 25 and live with certainty till
age 80, so T = 55 in model periods. The economy is stationary and there is no
population growth. Agents work until 65 years old. Because there is no other
income source besides labor earning, income is zero after retirement.29 Thus
et = 0 if t > Tr = 40.
We propose three standard macroeconomic variables representing US data

as calibration targets: the interest rate (R), capital-output ratio (K/Y ), and

29We will introduce Social Security in Section 6.
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consumption-output ratio (C/Y ).30 Following Rios-Rull (1996), we set our
target for the capital-output ratio to K/Y = 2.9431 and for the consumption-
output ratio to C/Y = 0.748. The third macroeconomic target is the real
interest rate, which is determined by the equilibrium condition of the model.
Following McGrattan and Prescott (2000), we set the rate at r = R−1 = 3.5%.
Since in the steady state, I = δK, the income-expenditure identity

C

Y
+
δK

Y
= 1 (52)

gives a depreciation rate of δ = 0.0857. Meanwhile the share of capital is

α = (r + δ)
K

Y
= 0.355. (53)

This fixes our parameterization of the production function. The capital-
output ratio constrains our calibration of the preferences.
The last remaining technological parameter is the household’s lifecycle pro-

ductivity profile. Because labor is supplied inelastically in the model, this is
proportional to the household’s labor income. We assume households retire
and have productivity zero at age Tr. During the working life, we employ the
following quartic fit to the income data of Gourinchas and Parker (2002):

et = 1 + 0.0181t+ 0.000817t2 − 0.000051t3 + 0.000000536t4 (54)

This is plotted in Fig. 2. Income is hump-shaped and peaks at age 48. The
maximum income is 38% higher than the initial income at age 25.
The model has three preference parameters: the discount factor β, the

inverse elasticity of intertemporal substitution γ, and the length of the planning
horizon S. Eqs. (35) and (40) demonstrate that the household’s behavior only
depends on β and γ through the function φ. Since we are only considering
what happens in a steady state where R and φ are both constant over the
lifecycle, β and γ are not separately identified.32 This means, without any loss
of generality, we can fix γ = 1. Any behavior that the model can produce for
an arbitrary value of γ can also be obtained with γ = 1 and an appropriate
choice of the discount factor.33

This leaves the planning horizon S. Since the planning horizon is the compo-
nent of the model responsible for creating a hump-shaped consumption profile,
this is the parameter the hump is most sensitive to. We choose the planning
horizon to match the quantitative properties of the consumption hump as esti-
mated by Gourinchas and Parker (2002). One metric we will use is to minimize

30We follow the template of Bullard and Feigenbaum (2007) and calibrate the share of
capital α = (R − 1 + δ)K

Y
to yield a target interest rate R = α Y

K
+ 1 − δ. We could

alternatively fix α at a target value. If our target values for K/Y and δ remain the same,
the two approaches are equivalent.
31Other authors suggest 2.5 for this ratio. As we show in Section 5.2.2, the qualitative

behavior of the consumption hump is not sensitive to this choice.
32 If we perturb the equilibrium away from the steady state, behavior during the transition

back to the steady state would allow us to identify β and γ separately.
33This might, however, require a discount factor greater than 1.
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Figure 2: Lifecycle profiles of consumption and productivity endowment adapted
from US consumption and income data estimated by Gourinchas and Parker
(2002), normalized so the initial productivity endowment is 1.

deviations between the model’s consumption profile and a septic polynomial
approximation to Gourinchas and Parker’s data:

cGPt
w

= 1.062588 + 0.015871t− 0.001841t2 (55)

+0.00010853t3 + 0.0000041281t4

−0.00000056434t5 + 0.000000016278t6 − 0.0000000001475t7

This is plotted alongside the income profile in Fig. 2. Notice that in all
plots of consumption and/or bond demand, we will actually plot consumption
or bond demand divided by the equilibrium wage, i.e. in units where initial
income is normalized to 1. Consumption peaks at age 45 years old, and the
ratio of peak consumption to initial consumption is 1.1476.
We adopt the following methodology. We will see how the consumption

profile varies with the planning horizon S, and we will set β so that K/Y = 2.94
in general equilibrium. Table 1 summarizes the description of the relevant
parameters and variables, and their target values.34

34The values of S and β in the table correspond to the planning horizon that minimizes the
mean squared deviation of the consumption profile as described below in Section 5.2.1.
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Variable Description Value

K/Y Capital-Output Ratio 2.94
C/Y Consumption-Output Ratio 0.748
r Interest Rate 0.035
α Share of Capital 0.355
δ Depreciation Rate 0.0857
γ Risk Aversion 1
β Discount Factor 0.9589
S Planning Horizon 18

Table 1: Baseline parameters and targets.

5.2 Results

To begin with, let us consider the consumption profile that results for a planning
horizon of S = 18. Figs. 3 and 4 show the optimal lifecycle consumption profile
and the asset demand profile for the baseline model with an 18-year planning
horizon. In the figure, the simulated consumption ct shows a hump-shaped
profile, albeit in the weak sense of the term defined earlier. Because βR > 1,
the consumption profile has to increase once agents reach the final stage of
planning when death is in view.35 Meanwhile, the asset demand profile follows
the usual lifecycle pattern of growing during the working life, slowly at first
and than faster as the household approaches retirement. After retirement, the
household has to dissave and assets fall to zero during the remaining life.
For comparison to the model with fully rational households, Figs. 3 and 4

also show the lifecycle consumption cfrt /w and asset demand profiles bfrt+1/w
respectively for the fully rational model with S = T = 55 where β is again
chosen to match the macroeconomic targets.
The qualitative properties of the consumption hump for S = 18 are quite

generic. Figure 5 shows all the consumption profiles for integral planning hori-
zons between 10 and 26 years. The discount factor β is set for each planning
horizon to achieve the macroeconomic targets of Table 1 in general equilibrium.
These are plotted in Fig. 6. Each consumption profile has a consumption
hump in the weak sense followed by a rising tail that begins when the household
perceives the true end of its life.36

Where the short-term planning mechanism differs from other explanations
for the hump is that the peak of the consumption hump can vary significantly
as we change the planning horizon without significantly changing any of the
other observables that we might use to calibrate the model. We plot the age

35 If mortality risk (together with bequests) is introduced to the model, then the tail would
be smoother. But as described in the introduction, the main objective of the paper is to
analyze the short-term planning model to induce a hump without any other mechanism that
might account for it. Mortality risk is one such factor.
36For the shortest planning horizons, the tail does not begin till after age 65. We only show

consumption during the working life of ages 25-65 since these are the ages when Gourinchas
and Parker (2002) provide cross-sectional estimates of consumption.
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Normalized

Figure 3: Optimal consumption profile ct/w for the model with S = 18, γ = 1,
β = 0.986, and R = 1.035. The profile designated GP represents the mean
consumption profile from Gourinchas and Parker (2002) while the FR profile
for the fully rational model with S = 55, γ = 1, and β = 0.964.
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Figure 4: Optimal bond profile bt/w corresponding to the consumption profile
for the short-term planning model with S = 18, γ = 1, and β = 0.986. The
profile designated FR is the bond profile for the fully rational model with S = 55,
γ = 1, and β = 0.964.
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Normalized

Figure 5: Optimal consumption profiles (c/w) for models with different planning
horizons S. The farthest (darkest) one is for the shortest planning horizon
S = 10, and the nearest (brightest) one is for the longest horizon S = 26.

Figure 6: Discount factor β consistent with K/Y equal to the target value of
2.94 and γ = 1 as a function of the planning horizon S.
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of the consumption peak versus the planning horizon as the thick line in Fig.
7. Again, as we vary S, we also adjust β according to Fig 6. to achieve the
macroeconomic targets in Table 1. For very short planning horizons, we get
a peak at age 54. For planning horizons between 11 and 26 years, the age
of the peak declines monotonically with the planning horizon. In this regime,
the peak age is tmax = Tr − S, the age when households first become aware
that they are going to retire. Thus the model can account for a peak age
anywhere between 35 and 55 without compromising its ability to match other
macroeconomic targets.
Fig. 8 is the analogous graph for the size of the consumption hump, ctmax/c0.

This also declines monotonically with the planning horizon over the range S = 5
to 26. As the planning horizon grows longer, agents initially consume more and
save less because they are aware of the higher incomes they will earn in middle
age. This constrains the amount by which their consumption can grow over the
lifecycle, so the consumption hump gets smaller. This means that the lifecycle
consumption profile looks flatter when the planning horizon is longer, which
agrees with the common notion that, as agents see farther into the future, they
will engage in more consumption smoothing.
Two other features of the empirical consumption hump can also be matched

for some choices of the planning horizon. In Fig. 2, we see that initial con-
sumpion is higher than initial income, meaning that households borrow when
young. This is true in the baseline parameterization of the short-term planning
model for S ≥ 19 years.37 Also, the consumption peak is earlier than the peak
of the income hump. This is true for all models with S ≤ 22 years.

Last, what happens to the general equilibrium in the limit as S → T?
For γ = 1, the equilibrium value of the discount factor consistent with our
macroeconomic targets in the fully rational model is β = 0.9641. Given a
target interest rate R = 1.035, βR = 0.9978, which is close to but slightly less
than 1. Thus the consumption profile in the fully rational model will be very
smooth with a slight, monotonic decrease, as is shown in Fig. 3.38

As we see from Fig. 6, β is a decreasing function of S in the range between
10 and 26, and this continues for S > 26. Since β = 0.975 for S = 26, βR > 1
for S ∈ {10, 11, ..., 26}. We focused on the range of S between 10 and 26 above
because our exogenous income profile in Fig. 2 peaks at age 48 (t = 23 in model
periods). For S much bigger than 26, the only thing the household learns as it
gets older is that its remaining income stream is smaller than the income stream
it perceived earlier. This discovery of decreasing income drives the shape of
the consumption profile, so the lifecycle consumption profile will be decreasing
for most or all of the working life even in cases where βR > 1. Thus the

37The threshold value of S where households do or do not borrow initially does depend on
our choice of macroeconomic calibration targets. For example if we match K/Y = 2.5 instead
of 2.94, the household initially borrows for S ≥ 18.
38For different calibrations of γ, a different calibration of β will be needed to match the same

macroeconomic targets, but the growth rate of consumption, (βR)1/γ , will be the same since
the equilibrium allocation of consumption will still be an equilibrium allocation of consumption
with this different choice of β and γ. Thus β will adjust as we vary γ, while holding R fixed,
so that (βR)1/γ is the same.
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Figure 7: The age of the consumption peak (within the working life) as a func-
tion of the planning horizon S. The dark thick curve corresponds to the baseline
calibration. The other curves correspond to alternative calibrations, as spec-
ified in the legend. The thick light line is the age of the peak according to
Gourinchas and Parker (2002).
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Figure 8: The ratio of maximum consumption (within the working life) to initial
consumption as a function of the planning horizon S. The dark thick curve
corresponds to the baseline calibration. The other curves correspond to alter-
native calibrations, as specified in the legend. The light thick line is the peak
to initial consumption ratio according to Gourinchas and Parker (2002).
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consumption hump becomes more and more unlike the empirical consumption
hump for S bigger than 26 and eventually the hump disappears if we keep
increasing S. There is no discontinuity in the model behavior as S → T , so we
will also get a smooth, slightly decreasing consumption profile in the limit of a
very large planning horizon.

5.2.1 The Best Planning Horizon

Fig. 3 demonstrates that the short planning horizon model can do considerably
better than the fully rational model at accounting for lifecycle consumption data.
However, we also see from Fig. 5 that no choice of planning horizon allows
the short-term planning model to come close to exactly fitting the empirical
consumption profile.
What planning horizon S best fits lifecycle consumption data? This will

depend on what metric one uses to compare the model to empirical data. Fig.
7 shows that a planning horizon of S = 20 years allows the short-term planning
model to match the age of the peak of the consumption hump. To match the
size of the consumption hump, we get from Fig. 8 that the planning horizon
should be S = 22 years. If we try to fit the entire lifecycle consumption profile
from ages 25-65 instead of individual characteristics, a planning horizon of 18
years minimizes the mean squared error with a low of 0.005045.39 Fig. 9 shows
how the mean squared error varies with the planning horizon. We see that the
minimum is quite flat so the mean squared error would not increase significantly
if we used S = 22 instead of S = 18. However, the mean squared error rises
quite steeply for horizons shorter than 10 years.

5.2.2 Robustness

In this section, we check the sensitivity of the model to alternative calibrations
of the parameters α, β, γ, δ, and S. Table 2 shows how the macroeconomic
targets, r, C/Y , and K/Y ; and the quantitative properties of the consumption
profile, the peak age, the peak size cmax/c0, and the mean squared error from
Gourinchas and Parker’s (2002) data, vary with these parameters. Since we
are playing with the two standard preference parameters β and γ but they are
not separately identified, we also include φ−1 in the table. While β and γ are
not identified, φ is identified, and φ−1 will be the value of the discount factor
in the equivalent equilibrium with γ = 1.
The boldface row corresponds to the baseline parameters.

The most salient fact that we can see from the table is that the age of the
consumption peak depends only on the length of the planning horizon within
the range of the other parameters that we consider here. This is also corrob-
orated by Fig. 7. In addition to the baseline calibration, we also plot in that

39S = 18 also minimizes the least absolute deviation.
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Figure 9: The mean squared deviation between the predicted lifecycle profile of
ct/w as compared to the polynomial fit to Gourinchas and Parker (2002) in Eq.
(55). The minimum is achieved at a planning horizon of S = 18 with an MSE
value of 0.005.
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S Other Parameters r C/Y K/Y Age cmax/c0 φ−1 MSE

15 All Baseline (β = 0.994) 3.50% 0.748 2.94 50 1.369 0.994 0.0063
15 γ = 2.0 5.31% 0.781 2.56 50 1.348 0.972 0.0045
15 α = 0.30 2.86% 0.775 2.62 50 1.290 0.994 0.0097
15 δ = 0.06 4.13% 0.790 3.50 50 1.456 0.994 0.0061
15 β = 0.96 6.33% 0.796 2.38 50 1.339 0.960 0.0049

18 All Baseline (β = 0.986) 3.50% 0.748 2.94 47 1.2592 0.986 0.0050
18 γ = 2.0 4.93% 0.775 2.63 47 1.2474 0.969 0.0016
18 α = 0.3 2.93% 0.776 2.61 47 1.1954 0.986 0.0107
18 δ = 0.06 4.06% 0.788 3.53 47 1.5262 0.986 0.0025
18 β = 0.96 1.56% 0.788 2.47 47 1.2414 0.961 0.0009

20 All Baseline (β = 0.982) 3.50% 0.748 2.94 45 1.2017 0.982 0.0058
20 γ = 2.0 4.73% 0.771 2.67 45 1.1938 0.986 0.0020
20 α = 0.30 2.97% 0.777 2.60 45 1.1460 0.982 0.0122
20 δ = 0.06 4.03% 0.788 3.54 45 1.4687 0.982 0.0027
20 β = 0.96 5.53% 0.784 2.52 45 1.1894 0.960 0.0009

22 All Baseline (β = 0.979) 3.50% 0.748 2.94 43 1.1543 0.979 0.0074
22 γ = 2.0 4.55% 0.768 2.70 43 1.4918 0.968 0.0037
22 α = 0.30 3.00% 0.778 2.59 43 1.1056 0.979 0.0142
22 δ = 0.06 4.01% 0.787 3.55 43 1.4156 0.979 0.0042
22 β = 0.96 5.31% 0.781 2.56 43 1.1461 0.960 0.0022

Table 2: Sensitivity of observables to alternative calibrations.
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graph how the peak age depends on the planning horizon for other choices of
the capital-output ratio: K/Y = 2.5 and K/Y = 3.5. These graphs coincide
for most planning horizons between 5 and 26.40 Only at very short horizons
do we actually see that a change in K/Y or r can have any impact on the peak
age if S is fixed. Fig. 8 shows that the size of the peak is very sensitive to
the other parameters of the model since the interest rate, the discount rate,
and the elasticity of intertemporal substitution all factor in when determining
how quickly consumption should rise or fall. However, in this short-term plan-
ning model, only the length of the planning horizon matters for determining at
what age consumption will max out. This sets the short-term planning model
apart from all the other explanations for the consumption hump that have been
previously explored. The location of the peak will not change as we expand
the model to incorporate other elements that might impact consumption and
saving behavior. In particular, introducing Social Security, as we do in the next
section, will not radically alter the consumption hump as it would with other
models that can account for the hump.

6 Social Security

Since Samuelson (1975), it has been well known that Social Security reduces
welfare in a dynamically effi cient overlapping-generations model with rational
agents who are homogenous except for age.41 This has forced macroeconomists
to search for other explanations for why we have Social Security, such as to
provide intragenerational insurance against bad lifetime income draws (Bagchi
(2015)) or intergenerational insurance against temporary shocks to the macro-
economy like the Great Recession (Peterman and Sommer (2014)). However,
with rational agents, the positive redistributional effects of Social Security sim-
ply are not large enough to overcome the negative effect of reduced saving and
a smaller capital stock. Thus, the main justification for Social Security is that
households are not rational and consequently do not save enough, so the gov-
ernment needs to step in and provide for their old-age consumption (Akerlof
(2002)).
Over time, though, the literature has established that some forms of bounded

rationality are more limited in their ability to account for Social Security. Hy-
perbolic discounting and other forms of present bias are the most popular models
of bounded rationality today in macroeconomics. As long as individuals have
rational expectations of future income, regardless of their discount function they
will still smooth their income according to the Lifecycle/Permanent-Income Hy-
pothesis, choosing a path of consumption in proportion to the expected present
value of their income. Caliendo (2011) showed in partial equilibrium for any
non-exponential discounting function, assuming households are naive about the
time-inconsistency of their preferences, that any government transfer program

40We get similar results if we vary the target value for the interest rate.
41Social Security will improve welfare if the economy is dynamically ineffi cient, but we will

not consider such equilibria here.
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with a negative net present value, such as a pay as you go (PAYGO) Social
Security system will reduce consumption at every point in the lifecycle. If
households simply have time-inconsistent preferences, Social Security can only
improve welfare in general equilibrium under circumstances where the interest
rate changes enough that the shape of the consumption profile improves so much
as to overcome the utility loss from the overall decline in consumption.42 Im-
rohoroglu et al. (2003) demonstrated how diffi cult it is to make this mechanism
work quantitatively.
If, on the other hand, we dispense with rational expectations then the imple-

mentation of Social Security need not reduce consumption across the lifecycle.
In a short-term planning horizon model, households only perceive the income
they will earn within their current horizon and do not account for income be-
yond the horizon when making consumption and saving decisions.43 Findley
and Caliendo (2009) showed there is a possibility for Social Security to raise
welfare in this situation. Here, we consider this question while calibrating the
model, in general equilibrium, to match both macroeconomic observables and
quantitative properties of the consumption hump.
Suppose now that the income process is

yt =

{
(1− τ)wet t ≤ Tr

Γ t > Tr
(56)

instead of (46), where τ ∈ [0, 1] is the payroll tax rate and Γ ≥ 0 is the Social
Security benefit. For this to be feasible, we must also introduce a government
that collects the payroll tax and pays the benefits. We assume the government
must satisfy a balanced budget, which adds a fourth condition to our equilibrium
definition (4.2):

τw

Tr∑
t=0

et =

T∑
t=Tr+1

Γ. (57)

Here, the lefthand side is the sum of payroll tax revenues while the righthand
side is the sum of benefit payouts. In equilibrium, total revenue must equal the
total payout of benefits.
Following the usual convention, we treat τ as exogenous and use it as an

index of the size of the Social Security program. The benefit is then determined
by solving (57):

Γ =
τw

T − Tr

Tr∑
t=0

et. (58)

42This can only happen with time-inconsistent preferences where the function used to evalu-
ate household welfare over the lifecycle differs from the utility function that actually generates
behavior. If the same utility function is used both to evaluate welfare and to generate be-
havior, the effect of Social Security on the overall level of consumption and on the shape of
the consumption profile always shift utility in the same direction.
43Whereas some boundedly rational behaviors can, in fact, increase lifetime utility in general

equilibrium, as in the optimal irrational behavior of Feigenbaum, Caliendo, and Gahrmanov
(2011) and the restricted optimal irrational behavior of Feigenbaum, Gahramanov, and Tang
(2013), a short planning horizon always reduces lifetime utility in general equilibrium, but a
Social Security system can partially offset this decrease.
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Figure 10: Optimal consumption profile (relative to after-tax wages) ct/((1 −
τ)w) for the baseline model with and without Social Security, and for the Gour-
inchas and Parker (2002) data.

Following Feigenbaum (2008), we calibrate the payroll tax to τ = 10.6%. Fig.
10 shows the lifecycle consumption profile from the baseline model (without
Social Security) of Section 5.2.1 with S = 18 and for the same calibration of the
current model with Social Security.44 The Gourinchas and Parker (2002) data
are also included for comparison. Just as it was robust to parameter changes,
the age of the consumption peak is also robust to the introduction of Social
Security.
The consumption profile, however, generally has a higher, more positive

slope with Social Security than without because the interest rate is higher,
4.1%, than our 3.5% target value, which the model without Social Security was
calibrated to match. As is already well understood, by transferring income from
the young to the old, Social Security reduces the need to save, so the capital
stock is lower in equilibrium, resulting in a higher rate of return. In order
to match our target values for the capital-output ratio, consumption-output
ratio, and interest rate in Table 1, we need to recalibrate the discount factor
β to a slightly higher value. Table 3 specifies the discount factor needed to
match our target macroeconomic variables as well as quantitative properties
of the hump for three choices of the planning horizon.45 Fig. 10 plots the

44Note that we normalize the consumption profile relative to the after-tax wage since the
income profile in Gourinchas and Parker (2002) that we used to calibrate our productivity
profile (54) is income after taxes.
45All other parameters are the same as in Table 1.
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S β
ctmax
c0

tmax MSE

16 0.9981 1.408 49 0.00532
18 0.9930 1.334 47 0.00364
20 0.9891 1.272 45 0.00403

Table 3: Discount factor calibration and quantitative properties of the consump-
tion profile in the model with Social Security for planning horizons of 16, 18,
and 20.

corresponding consumption profiles during the working life of the household.
The model with Social Security still preserves the main finding of Section 5.2
that a planning horizon of approximately 20 years provides the best fit to the
data. This is the difference between the age of retirement and the age of the
empirical consumption peak. A horizon of 20 also does a better job of matching
the relative size of the consumption peak than smaller horizons. However, the
mean squared error is lowest for a horizon of 18. This is mostly because a
horizon of 18 comes closest to replicating the downslope of the consumption
hump.
Notice, however, that consumption slopes upward just before retirement in

all the models graphed in Fig. 11. In Fig. 12, we plot the same consump-
tion profiles for the whole life span, and we see for all three that consumption
increases substantially after retirement. This is a robust prediction, but it is
not a property of the short-horizon framework. It would also happen in a fully
rational fixed-life span model and is an artifact of households knowing precisely
when they will die. For the fully rational model throughout the lifecycle and
also for the short-horizon model after the horizon becomes irrelevant, the rate
of consumption growth will be

ct+1

ct
= (βR)1/γ . (59)

Since R is endogenous, if it is high enough, consumption growth can be positive
and also fairly large at the end of life. Households can defer consumption till
the end of life without fear that they will die before enjoying this consump-
tion. Social Security makes this more likely to happen since that raises the
equilibrium interest rate. We can eliminate this counterfactual behavior by
introducing mortality risk. If the life span is unknown, consumption growth
will also depend on the probability of dying. Empirically, this hazard rate
will eventually dominate any realistic interest rate when the household gets old
enough. Households will not defer a huge amount of consumption till their late
90s if they cannot be certain they will survive that long. Thus we can explain
why consumption falls off at late ages if we account for this uncertainty. We
do this in the next section, where we present our most complete version of the
model.
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Figure 11: Normalized consumption profile (relative to after-tax wages) ct/((1−
τ)w) for the baseline model with Social Security with S = 16, 18, and 20,
each calibrated to match our target values of macroeconomic variables. The
Gourinchas and Parker (2002) data is also shown for comparison.
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Figure 12: Lifecycle consumption profiles (actual rather than normalized by the
after-tax wage) for the full life span with horizons of 16, 18, and 20.
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7 The Lifecycle Consumption Profile with Bounded
Rationality, Social Security, andMortality Risk

Whereas in the previous sections we assumed households have a fixed life span,
let us now suppose that households are subject to mortality risk with a maximum
life span T . Let Qt ≥ 0 represent the survivor function, i.e. the probability of
surviving to age t, which is necessarily a decreasing function. We also want to
compare what happens with a short planning horizon to other behavioral ex-
planations for the consumption hump. Thus we replace the geometric discount
function with a more general discount function Ds ≥ 0 (with D0 = 1), where
s is the time to wait for the consumption in question. We assume there are
no life insurance markets, so a household at age t now maximizes its expected
utility

max

h(t)∑
s=t

QsDs−tu(cs(t)) (60)

over the horizon that it perceives while the only change to its budget constraint
is the addition of a bequest B to (30):

cs(t) + bs+1(t) = ys +Rbs(t) +B s = t, ..., h(t). (61)

The boundary condition (31) is unchanged. The income yt is again defined by
(56).
We also assume that deceased households bequeath their assets uniformly

to the surviving population, so B is independent of age.46 We must then add
another condition to the equilibrium definition: the bequest-balance equation

B

T∑
t=0

Qt = R

T∑
t=0

(Qt −Qt+1) bt+1 (62)

in which the left-hand side is the total amount bequeathed to the surviving
population and the right-hand side is the total value of the saving of deceased
households. We must also modify Eq. (58) to account for the effect of mortality
risk on the tax base and the number of retirees:

τw

Tr∑
t=0

Qtet =

T∑
t=Tr+1

QtΓt. (63)

In Appendix C, we show how to express the equilibrium bequest as a function
of R, so finding an equilibrium reduces to solving an equation analogous to (51)
for R, as is the case with a fixed life span.

46We ignore the “debt of the dead” problem that, legally in most Western countries, heirs
cannot be forced to take on the debts of their benefactors. In equilibrium, borrowing is usually
limited to very early ages when mortality is low, so the benefits of properly accounting for
lapsed debt would be small while the computational costs of incorporating this friction would
be huge.
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For calibration purposes, we adopt the survivor probabilities from Feigen-
baum’s (2008) sextic polynomial fit of the mortality data in Arias (2004). For
t between 0 and T = 75 (25 to 100 by normal accounting of a person’s age), the
survivor function is

Qt = exp(−0.01943− 0.00031t+ 0.000006t2 − 0.00000328t3 − 0.0000000306t4

+0.000000003188t5 − 0.00000000005199t6). (64)

The technology parameters are calibrated as before and retain the same val-
ues, but we must calibrate the preference parameters differently. With mortality
risk and geometric discounting Ds = βs, β and γ can be separately identified in
the steady state since the household now follows the consumption function

ct =
Wt(t)∑h(t)

s=t φ
t−s
(
Qs
Qt

) 1
γ

. (65)

When Qt was set to 1, φ was a suffi cient statistic for the dependence of consump-
tion on the preference parameters. In the more general case, the elasticity of
intertemporal substitution now mediates how the consumption function depends
on the survivor function as well as the discount factor. A household with a high
elasticity of intertemporal substitution will respond to an increase in mortality
risk by curtailing its consumption much more severely than a household with a
low intertemporal elasticity. Thus we cannot simply set γ = 1 as we did before,
and the discount factor must be calibrated for each choice of the elasticity of
intertemporal substitution to match our target K/Y with the payroll tax set to
τ = 0.106. The necessary discount factors are plotted in Fig. 13.
Note that for an intertemporal elasticity 1/γ less than 1 (so γ > 1), we

need a discount factor larger than 1 to get a capital-output ratio of 2.5 or
more. In an infinite-horizon model, a discount factor greater than one would
produce nonsensical results, but this is not an issue in a finite-horizon model,
and negative discount rates are sometimes required to match target values from
macroeconomic data.47

In the previous sections, we set S to minimize the deviations between the
predicted consumption profile prior to retirement and Gourinchas and Parker’s
data. However, we are including mortality risk into the model because of
the counterfactual prediction of extremely high consumption after retirement,
a period when our consumption data is not good enough to justify trying to fit
to it.48 We will also dispense with trying to fit all aspects of the consumption
profile because we do not wish to imply that this model with Social Security,
mortality risk, and bounded rationality is a total model of lifecycle consumption.
We know there are other elements of reality such as labor choice and income

47Bagchi and Feigenbaum (2014) also have to employ a discount factor greater than 1 to
calibrate their model with a very low intertemporal elasticity.
48Some researchers have reported a discontinuous drop in consumption at retirement (for

example Bernheim, Skinner, and Weinberg (2001)) while others (for example Aguiar and Hurst
(2003)) claim this is an artifact of retired households engaging in more household production.
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Figure 13: The discount factor β needed to get K/Y = 2.5, 2.94, and 3.5 as a
function of the inverse intertemporal elasticity of substitution γ in the model
with Social Security and mortality risk.

uncertainty that will affect the consumption profile. So instead we will now
calibrate S to match one feature of the lifecycle consumption profile, the age of
the consumption peak, that ought to be robust to the inclusion of these other
elements. As we will see, the peak age is, indeed, robust to the introduction or
removal of all the elements in the present model except for the short horizon.
In the previous sections, we found that consumption peaks at Tr−S, so we now
set

S = Tr − tmax = 20 (66)

since Gourinchas and Parker’s consumption data peaks at age 45, or 20 years
before the normal retirement age.49

Figs. 14 and 15 show the consumption profiles with and without Social
Security for γ = 0.5 and 1.4 respectively.50 These demonstrate that Social
Security has a much greater effect on the consumption profile than it had under
a fixed life span as in Fig. 10. Social Security is especially impactful in Fig.
14, where the elasticity of intertemporal substitution is 2 and consumption is
extremely responsive to changes in the hazard rate of dying. Early in the life
span, the shape of the consumption profile is still dominated by the continual
discovery that the household is going to earn another period’s worth of income.

49With mortality risk, the result that tmax = T − S is not as robust as it is in the previous
sections, though it still holds for a horizon of about 20 years.
50All parameters are kept the same except the tax rate τ in each of these comparison graphs.
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Figure 14: Lifecycle consumption profile with and without Social Security with
γ = 0.5, β = 0.986, and K/Y = 2.94.

In the absence of Social Security, consumption falls off sharply after age 45 when
the household realizes it is going to retire. With Social Security, consumption
merely levels off after 45 because the household will continue to accrue income,
albeit at a lower level than when it was working. Then when the household
becomes aware that its chances of dying will shoot up in its eighties and nineties,
it begins to ramp up its consumption growth again as it seeks to consume its
saving before it dies. Thus consumption does not peak until age 71, after which
it drops to zero at the maximum possible life span.
Fig. 15 with γ = 1.4 is more typical however. With an elasticity of in-

tertemporal substitution less than or equal to 1, consumption does not respond
so much to changes in the hazard rate of dying. The pattern during the working
life is very similar to what we observe in Fig. 15, although the consumption
profile is smoother because of the lower elasticity of intertemporal substitution.
Late in life, the household responds much less to changes in the hazard rate.
There is a secondary local maximum at age 78, but the global maximum remains
at age 45 like it would be in the absence of Social Security.
Fig. 16 is the analog with Social Security and mortality risk of Fig. 3

(without Social Security) and Fig. 11 (with Social Security but with a fixed
life span), comparing lifecycle consumption profiles (normalized by the after-tax
wage) during the working life to Gourinchas and Parker’s empirical consumption
profile. The best fit, in terms of mean squared error, occurs for γ = 3, which
is the thickest solid plot in the graph, although this goodness of fit is largely
driven by what happens very early in the lifecycle when the γ = 3 profile is
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Figure 15: Lifecycle consumption profile with and without Social Security with
γ = 1.4, β = 1.00, and K/Y = 2.94.

tangent to the Gourinchas and Parker profile. For most of the lifecycle, there
is very little difference between the γ = 1.4 and γ = 3 profiles.
Fig. 17 shows the same profiles over the entire life span. Unlike in Fig. 12

when the life span was fixed, now consumption falls off for all γ as the house-
hold approaches the maximum life span. Thus introducing mortality risk does
achieve the desired effect of eliminating counterfactual surges in consumption
by the very elderly.

7.1 Welfare

Finally, we consider the implications of Social Security for welfare. Measuring
welfare in an economy populated by boundedly rational individuals can be very
controversial because there is no objective way to measure welfare in models
with time-inconsistent preferences. This will be of greater import when we
discuss another type of bounded rationality in 7.1.1. For now, we sidestep this
controversy by assuming that households intend to maximize

U =

T∑
t=0

βtu(ct), (67)

even though at any given age they are only able to optimize a portion of this
sum.
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Figure 16: Normalized consumption profile (relative to after-tax wages) ct/((1−
τ)w) for four parameterizations of the model with Social Security and mortality
risk calibrated to match K/Y = 2.94. The Gourinchas and Parker (2002) data
is also shown for comparison.

Figure 17: Lifecycle consumption profile for the full life span for five calibrations
of the model with Social Security and mortality with K/Y = 2.94.
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To obtain a more meaningful measure of welfare, we actually compute the
compensating variation (CV) of a general equilibrium with Social Security rela-
tive to a general equilibrium without, i.e. by what percentage would we have to
increase consumption at every age in the equilibrium without Social Security to
achieve the same lifetime utility in the equilibrium with Social Security? Let
U(τ) be lifetime utility in an equilibrium where the payroll tax is τ . Then the
compensating variation will be given by

CV =


(
U(τ)
U(0)

) 1
1−γ − 1 γ 6= 1

exp
(
U(τ)−U(0)

∆

)
− 1 γ = 1

, (68)

where

∆ =

T∑
t=0

βtQt. (69)

A positive CV implies that Social Security increases lifetime utility whereas a
negative CV implies that it decreases lifetime utility.
With fully rational agents and time-consistent preferences, Social Security

reduces lifetime utility unless the equilibrium capital stock is so large that the
economy is dynamically ineffi cient. Is that true with a short planning horizon?
In Fig. 18, we plot dCV/dτ at τ = 0 as a function of γ for three calibrations,
with K/Y = 2.5, 2.94, and 3.5. For each calibration, we find that a marginal
Social Security system with a negligible tax rate would be welfare improving
for γ ≥ 1. This result is not really driven by the elasticity of intertemporal
substitution though. From Fig. 13, we know that the discount factor needed
to match each value of K/Y increases with γ. A marginal Social Security
program is more likely to improve welfare if households are more patient and
put more value on consumption late in life. Rational households do not need
Social Security to provide for their consumption late in life, but a household
that cannot plan for the far future will benefit from a program that ensures it
will still earn a certain income after retirement.
What about the existing Social Security program? Fig. 19 plots the com-

pensating variation for τ = 0.106 as a function of γ for the three K/Y cali-
brations. With log utility, γ = 1, a Social Security system with a negligible
tax rate would improve welfare, but the current Social Security system is too
large. However, for γ ≥ 1.1 (or elasticities of intertemporal substitution less
than 0.9), the compensating variation for τ = 0.106 turns positive. For γ larger
than 2, the gains from Social Security are huge, on the order of 10% or more,
but the gains would be even larger if Social Security was expanded. The γ
and corresponding elasticity of intertemporal substitution for which the current
Social Security system is optimal for each calibration of K/Y is given in Table
4. These all correspond roughly to an intertemporal elasticity of 0.7, and yield
compensating variations of 3-4%. Note that a welfare improvement equivalent
to 3-4% of consumption is quite substantial. Lucas (2003) estimated the cost of
smoothing out the business cycle as equivalent to less than 1% of consumption.
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Figure 18: Derivative of compensating variation with respect to τ , at τ = 0, (i.e.
marginal CV) as a function of the inverse elasticity of intertemporal substitution
γ for three calibrations of K/Y in the model with Social Security and mortality
risk.

K/Y γ γ−1 CV

2.5 1.5 0.67 4.18%
2.94 1.4 0.71 3.47%
3.5 1.3 0.77 2.78%

Table 4: Elasticity of intertemporal substitution such that the current Social
Security system is optimal for different calibrations of the capital-output ratio.
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Figure 19: Compensating variation of Social Security (with τ = 0.106) as a
function of the inverse elasticity of intertemporal substitution γ for three cali-
brations of K/Y in the model with Social Security and mortality risk.

Thus if we seek to calibrate the model to explain both the timing of the
consumption hump and our existing Social Security system, we should calibrate
the model with γ = 1.4 and S = 20, in which case we can simultaneously explain
both phenomena.
How robust is the finding that a payroll tax of 10.6% is optimal to other

choices of the planning horizon? In Fig. 20, we plot the optimal tax rate as a
function of the planning horizon for γ = 1, 1.4, and 2. For planning horizons of
15 or less, the optimal tax rate shoots up quite precipitously. If households are
very bad planners, a large Social Security system will be quite beneficial. If, on
the other hand, the planning horizon is longer than about 30, Social Security
is no longer welfare-improving; the optimal tax rate would be zero. Thus over
the range of most plausible intertemporal elasticities, there is a fairly narrow
window of planning horizons for which the existing Social Security system would
be optimal. The short-horizon planning model works at explaining both the
timing of the consumption hump and Social Security but with a sharp, testable
prediction that households only plan ahead for about 20 years.
To better see why we need the short horizon to explain the timing of the

consumption hump, consider Figs. 21 and 22. These plot the age of peak
consumption as a function of the planning horizon S for different choices of γ.
Fig. 22 includes Social Security in the model while Fig. 21 does not. The thin
blue line in each graph also corresponds to the empirical consumption peak at
age 45. In Fig. 21, without Social Security, there is a wide range of planning
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Figure 20: Optimal Social Security tax rate τ∗ as a function of the planning
horizon S for γ = 1, 1.4, and 2. Note that β is calibrated separately for each
choice of η and γ so that K/Y = 2.94 when τ = 0.106.
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Figure 21: Peak age of consumption as a function of the planning horizon S
for γ = 1, 1.4, and 2 in general equilibrium with τ = 0.0. The dotted line
corresponds to the target value of 45 for the peak age in the Gourinchas and
Parker (2002) data. Note that β is calibrated separately for each choice of η
and γ so that K/Y = 2.94 when τ = 0.106.

horizons, between 10 and 40 years, for which the peak age is Tr − S. At long
planning horizons, though, the peak age levels off. If γ > 1.4, there will be no
consumption hump if S > 40. Consumption will decline monotonically over
the lifecycle. For γ = 1, there will be a consumption hump with a peak at
age 40 if S > 40. If we lower γ further, raising the intertemporal elasticity, we
can find a γ so that consumption peaks at age 45 with S = ∞, which is what
Feigenbaum (2008) found. Thus it is possible to calibrate γ so that mortality
risk alone can account for a consumption hump that peaks at the right age in
the absence of Social Security.
The peak age graph changes drastically, however, when we add Social Se-

curity as in Fig. 22. For planning horizons of 50 years or more, the peak
age is stuck in the late 60s. Mortality risk alone cannot explain the consump-
tion hump when Social Security is included in the model. Even if we allow
for bounded rationality and a short planning horizon, the peak age graph only
dips below the age-45 line for a small set of planning horizons around 20 years.
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Figure 22: Peak age of consumption as a function of the planning horizon S
for γ = 1, 1.4, and 2 in general equilibrium with τ = 0.106. The dotted line
corresponds to the target value of 45 for the peak age in the Gourinchas and
Parker (2002) data. Note that β is calibrated separately for each choice of η
and γ so that K/Y = 2.94.

Again, this points to the very sharp prediction of the model that we need a
planning horizon of 20 years to jointly explain the timing of the consumption
peak and Social Security.

7.1.1 Quasihyperbolic Discounting

Thus a short planning horizon can explain the consumption hump and Social
Security. What happens with other models of bounded rationality? Let us
explore the lifecycle consumption profile in general equilibrium with the most
popular rival to the short planning horizon, a quasihyperbolic discount function.
Suppose that S = T , so households can plan for the whole life span, but we
replace the discount function with

Ds =

{
1 s = 0
ηβs s > 0

(70)
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where the discount factor β > 0, but there is also a present-bias factor η ∈ (0, 1].
If η = 1, this just reduces to the usual model with geometric discounting.
But if η < 1, the household further discounts all future utility by the amount
1 − η. These preferences are time-inconsistent because a household at age 0
will discount utility at t = 1 by the factor ηβ and at t = 2 by the factor ηβ2.
Thus relative to period-1 consumption, the household will discount period-2
consumption by the factor β. When the household gets to age 1, however,
this will change. At that point, the household will discount utility at t = 1
by the factor 1 and at t = 2 by the factor ηβ. Thus at age 1, the household
will now discount period-2 consumption relative to period-1 consumption by
the factor ηβ < β. The household continually puts more weight on its present
consumption than it intended to in the past.51

We calibrate the model with quasihyperbolic discounting analogously to how
we did the short-horizon model in 7.1. The technology parameters are un-
changed, and we again have three preference parameters: β, γ, and η. As
before, for a given combination of γ and η, we choose β so that K/Y = 2.94
when τ = 0.106. We then see how the optimal Social Security tax rate and the
age of peak consumption vary with η and γ.

There is one complication that we could ignore in 7.1, which is that there
is no obvious way to measure welfare for a household whose utility function
changes over its life span. Since quasihyperbolic discounting is not the main
focus of this paper, we will not belabor this point. Instead, we will make use of
Feigenbaum, Findley, and Caliendo’s (2016) result that, with quasihyperbolic
discounting, the age-0 preferences of the household are representative of the
household’s future selves. By this, we mean that a change in policy that makes
the age-0 self better off will be Pareto improving, i.e. it will make all of the
future selves better off too. The opposite is true for a policy change that makes
the age-0 self worse off. Thus we will use the age-0 utility function to measure
the household’s welfare.52

Fig. 23 is the analog of Fig. 20 for the quasihyperbolic discounting model.
The present Social Security system can be optimal if η ≈ 0.6.53 The age of the
consumption peak is plotted as a function of η for γ = 1, 1.4, and 2 both with
and without Social Security in Figs. 24 and 25 respectively. Similar to what
happens with just mortality risk and no bounded rationality, in the absence of
Social Security, we can calibrate η for γ = 1 and 1.4 so that consumption peaks

51See Park (2012) for a more thorough discussion of how and under what circumstances
this present bias can generate a consumption hump.
52An alternative approach, put forward in Feigenbaum (2016), is to find an observation-

ally equivalent time-consistent utility function that yields the same behavior. However, with
time-consistent preferences, we would not be able to get any welfare gains from Social Secu-
rity. Using the age-0 utility function, Social Security can conceivably be beneficial in general
equilibrium.
53These equilibria do have some counterfactual features though. The welfare improvements

come from having a very large discount factor greater than 1, so that at age 0 the household
actually values its consumption at the end of its potential life span much more than its
current consumption. Since there is no borrowing constraint in the model, we also get heavy
borrowing at the end of life. See Park (2012) for an investigation of what happens when there
is a borrowing constraint.
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Figure 23: Optimal Social Security tax rate τ∗ as a function of the present-bias
factor η for γ = 1, 1.4, and 2. Note that β is calibrated separately for each
choice of η and γ so that K/Y = 2.94 when τ = 0.106.
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Figure 24: Peak age of consumption as a function of the present-bias factor η
for γ = 1, 1.4, and 2 in general equilibrium with τ = 0.0. The thin solid line
corresponds to the target value of 45 for the peak age in the Gourinchas and
Parker (2002) data. Note that β is calibrated separately for each choice of η
and γ so that K/Y = 2.94 when τ = 0.106.

at age 45.When Social Security is included, though, the peak age is stuck in
the early 60s regardless of η. Quasihyperbolic discounting cannot explain the
consumption hump if we have Social Security.
What happens if we combine quasihyperbolic discounting with the short

planning horizon? Figs. 26 and 27, respectively without Social Security and
with, show how the consumption profile changes as we change the present-bias
factor from 0.5 to 1.0. Consistent with what we have seen before, there is a large
difference between the two figures, so the incorporation of Social Security makes
a big difference in this model. Nevertheless, consumption peaks at age 45 in
all these figures, so the effect of the short planning horizon on the peak of the
consumption hump is robust to quasihyperbolic discounting. Indeed, within
each figure, there is not much change in the consumption profiles as we vary η.
When we combine a short planning horizon with quasihyperbolic discounting,
the effects of quasihyperbolic discounting are suppressed.
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Figure 25: Peak age of consumption as a function of the present-bias factor η
for γ = 1, 1.4, and 2 in general equilibrium with τ = 0.106. The dotted line
corresponds to the target value of 45 for the peak age in the Gourinchas and
Parker (2002) data. Note that β is calibrated separately for each choice of η
and γ so that K/Y = 2.94.
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Figure 26: Consumption profiles without Social Security with a short planning
horizon of S = 20 and present bias factors η ranging from 0.5 to 1.0. For each
η, the model is calibrated so K/Y = 2.94 when τ = 0.106.
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Figure 27: Consumption profiles with Social Security with a short planning
horizon of S = 20 and present bias factors η ranging from 0.5 to 1.0. For each
η, the model is calibrated so K/Y = 2.94.
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8 Further Modifications

The main model discussed so far makes a few simplifying assumptions. First,
the planning horizon does not change during the agent’s entire life. Second, the
agent is able to adjust his plan at any point during his lifetime. Third, at each
age the agent plans to dissave all his foreseeable wealth within the planning
horizon, leaving zero assets.
The first assumption is based on the premise that an agent would not learn

from the past and does not improve his planning skills for the future. In other
words, the agent’s limited ability to foresee the future is persistent throughout
his entire life. This may not be a good assumption if one accepts the argument
that human cognitive ability evolves through learning by experience. Here we
modify the baseline model by allowing for a gradual expansion of the planning
horizon.
The second assumption is related to infrequent planning due to planning cost

and has quite common elements in rationality models. The third assumption
implies that agents behave as if there would be no further life beyond the end
of the horizon. In other words, they expect that they do not need to consume
any more at the end of the short horizon, even though they are still young when
they plan to consume. For this reason, a modified version of the model may be
considered. Agents are allowed to hold some assets for the future at the end
of the horizon. One way to construct this is to assume that the agents have
positive bond holding at the terminal node of each planning horizon.

8.1 Learning

The boundedly rational agent learns from past experience and plans better as
his experience accumulates. For example, each year he plans for one additional
year to his previous planning horizon. But he is still assumed to update his
plan each year without incurring any cost. As a simple example, assume that
the planning horizon of each time is just one more year than the previous one
and the initial planning horizon is zero. Thus the planning horizon at age t is

St = t, (71)

and we redefine
h(t) = min{t+ St, T}. (72)

Then, given bt(t), the household at age t maximizes

U(t) =

h(t)∑
s=t

βs−t
c1−γs (t)

1− γ (73)

subject to
cs(t) + bs+1(t) = wes +Rbs(t)

bt+St+1(t) = 0.
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Figure 28: Lifecycle consumption profile in general equilibrium with gradual
learning and γ = 0.5.

The optimal consumption at age t then generalizes to

ct =

∑h(t)
s=t

wes
Rs−t +Rbt(t)∑h(t)
s=t φ

t−s . (74)

Fig. 28 shows the result in general equilibrium when the agent keeps learning
through his life. In this figure, the age of peak consumption comes earlier than
the data. This implies that as the agent learns more from the past and plans
further, he is more likely to prepare for his retirement early.
As another example, we could suppose that the planning horizon increases

until it reaches some maximum horizon L, so St = min{t, L}. In that case, we
get the results shown in Fig. 29. Consumption is smoother as the maximum
planning horizon gets larger, and the peak consumption age is closest to the
data when L = 20.

8.2 Positive Asset Holding for the Future

Let us modify the baseline model into one in which the agent realizes he is only
planning S years into the future because of his limited cognitive ability and not
because he is going to die at the end of those S periods. In that case, it would
not make sense to plan to spend down his savings at the end of his planning
horizon, and he might plan to hold onto some assets for the still unplanned part
of the future. The assumption that households plan to starve after t + S is

57



Figure 29: Consumpion profiles under gradual learning in which the planning
horizon expands each year up to L periods and stalls.

rather extreme, so this modification may be more plausible. Given bt(t), at age
t, the household maximizes

U(t) =

h(t)∑
s=t

βs−tu(cs(t))

subject to

cs(t) + bs+1(t) = wes +Rbs(t)

bt+S(t) = b̂S(t) > 0

where b̂S(t) is bond holding at the end of planning horizon S, indexed by
planning time t. If we assume b̂S is constant, the agent will hold onto this extra
wealth even at bT+1, which needs to be redistributed as a bequest as in Section
7, although in this case it is a planned bequest. Fig. 30 shows the bond demand
in a general equilibrium where b̂S = 0.07y0. The results regarding consumption
are presented in Fig. 31 with b̂S = 0.1y0, 0.3y0, and 0.7y0.

9 Conclusion

The prominent feature of lifecycle consumption data known as the consumption
hump has been a central issue in the lifecycle consumption literature because
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Figure 30: Optimal lifecycle bond profile when asset holding is 7% of initial
income and S = 18.

Figure 31: Optimal lifecycle consumption profile when asset holdings are 10%,
30%, and 70% of initial income with a planning horizon S = 18.
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the most basic lifecycle theory of consumption cannot replicate this property.
Under standard assumptions, consumption is not affected by fluctuations of in-
come over the lifecycle. Only the average of income, what Friedman called
the permanent income, should matter, not transient ups and downs. There-
fore, hump-shaped lifecycle consumption is quite unexpected in a model with
standard assumptions, even though the income that finances consumption has
a hump-shaped lifecycle profile.
In this paper, we study a bounded-rationality model with both time-inconsistent

expectations that breaks from the standard prediction of a monotonic consump-
tion profile and yields a hump-shaped consumption profile as in the data. The
boundedly rational agent maximizes his utility over a period of time shorter
than a full life span. We then find the optimal consumption profile is clearly
linked to the income stream. As the household progresses through the lifecycle,
it will continually discover it is going to earn income in a future period that it
did not account for before. We specifically highlight the general-equilibrium
approach. Quantitative analysis shows that the general equilibrium result is
consistent with a consumption hump that peaks in the mid forties, consistent
with empirical data. Moreover, unlike most other mechanisms that can yield
a hump-shaped consumption profile, the age of the consumption peak is quite
robust to the introduction of Social Security, mortality risk, and a present bias.
Note that the consumption humps produced by a short planning horizon have

a sharp peak since they occur when the household first takes into consideration
that it will eventually retire for exogenous reasons. Adding heterogeneity in
the horizon length is beyond the scope of the present paper but would help to
smooth over the peak. Endogenizing retirement by adding leisure to the model
would also have this effect.

A Existence of Consumption Hump in Four-Period
Model

A.1 Proof of Proposition 1

From Eq. (21), we have

c1 − c0 =
r − φ
1 + φ

c0 +
φ

1 + φ

y2

R
. (75)

Thus c1 > c0 iff

y2 > (φ− r)R
φ
c0 =

φ− r
1 + φ

(Ry0 + y1) , (76)

where we substitute (17) to get the second equality. If φ < r, the right-hand
side will be negative, so the condition will be satisfied for any y2 ≥ 0.
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A.2 Proof of Proposition 2

Note that we can rewrite (18) as

c1 =
φ

1 + φ

(
Ry0 + y1

1 + φ
+

y2

R

)
. (77)

Since either y0 or y1 is positive, c1 is also positive. Eq. (22) can be rewritten

c2 − c1 =
r − φ
1 + φ

c1 +
φ

1 + φ

y3

R
. (78)

Thus c2 < c1 if and only if

y3 < (φ− r)R
φ
c1. (79)

The condition is obtained by substituting (77) into (79). Note that φ ≥ r is
required since otherwise the right-hand side will be negative, and no y3 will
satisfy the condition.

A.3 Proof of Proposition 3

Proposition 1 holds. Since βR ≤ 1, φ ≥ R > r, and Proposition 2 also holds.
Thus we have c0 < ċ1 and c1 > c2. From (23),

c3 =
R

φ
c2, (80)

so c3 ≤ c2. Thus Definition 3 is satisfied.

B Euler Equation Under Short-Term Planning

A household’s actual consumption at age t will be

ct =
Wt(t)∑h(t)
s=t φ

t−s , (81)

where Wt(t) is the household’s apparent lifetime wealth as defined by Eq. (34).
For t ≥ T − S when the household perceives its whole remaining life span, this
simplifies to the usual consumption function

ct =

∑T
s=t

ys
Rs−t +Rbt∑T
s=t φ

t−s , (82)

which satisfies the familiar Euler equation

ct+1 =
R

φ
= (βR)1/γct. (83)
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For t ≤ T − S, (81) simplifies to

ct =

∑t+S
s=t

ys
Rs−t +Rbt∑t+S
s=t φ

t−s , (84)

and for t < T − S, ct+1 will be defined analogously

ct+1 =

∑t+S+1
s=t+1

ys
Rs−t−1 +Rbt+1∑t+S+1

s=t+1 φ
t+1−s (85)

Since the actual budget constraint at age t is also the perceived budget constraint
at age t,

bt+1 = bt+1(t) = yt +Rbt − ct (86)

we can substitute in (84) to get

bt+1 = yt +Rbt −
∑t+S
s=t

ys
Rs−t +Rbt∑t+S
s=t φ

t−s

=
(yt +Rbt)

∑t+S
s=t+1 φ

t−s −
∑t+S
s=t+1

ys
Rs−t∑t+S

s=t φ
t−s . (87)

Substituting this into (85), we obtain

ct+1 =
R
∑t+S+1
s=t+1

ys
Rs−t

φ
∑t+S+1
s=t+1 φ

t−s (88)

+
R

φ
∑t+S+1
s=t+1 φ

t−s

[
(yt +Rbt)

∑t+S
s=t+1 φ

t−s −
∑t+S
s=t+1

ys
Rs−t∑t+S

s=t φ
t−s

]

Let us rearrange this as

ct+1 =
R

φ

∑t+S
s=t+1 φ

t−s∑t+S+1
s=t+1 φ

t−s
yt +Rbt∑t+S
s=t φ

t−s (89)

+
R

φ
∑t+S+1
s=t+1 φ

t−s

[(
1− 1∑t+S

s=t φ
t−s

)
t+S∑
s=t+1

ys
Rs−t

+ w
et+S+1

RS+1

]
,

where the first term is the contribution of the age-t cash on hand, the second
term is the contribution of the remaining future income perceived at age t, and
the last term is the contribution of the income earned at t + S + 1, which the
agent will learn about at age t+ 1. The coeffi cients on the first two terms are
actually the same, so

ct+1 =
R

φ

∑t+S
s=t+1 φ

t−s∑t+S+1
s=t+1 φ

t−s

∑t+S
s=t

ys
Rs−t +Rbt∑t+S
s=t φ

t−s +
R

φ
∑t+S+1
s=t+1 φ

t−s
yt+S+1

RS+1
. (90)
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Substituting (84) back in, this simplifies to

ct+1 =
R

φ

[∑t+S
s=t+1 φ

t−s∑t+S+1
s=t+1 φ

t−s ct +
1∑t+S+1

s=t+1 φ
t−s

yt+S+1

RS+1

]
. (91)

This can be written more compactly by applying the geometric series formula

ct+1 = R
(φS − 1)ct + (φS+1 − φS)yt+S+1

RS+1

φS+1 − 1
. (92)

C Solving the Model with Mortality Risk and
General Discounting

The Euler equation of a short-horizon household facing mortality risk changes
from (32) to

QsDs−tc
−γ
s (t) = RQs+1Ds−t+1c

−γ
s+1(t) (93)

while the perceived lifetime wealth changes from (34) by the addition of foreseen
bequests:

Wt =

h(t)∑
s=t

ys +B

Rs−t
+Rbt(t). (94)

Thus the consumption function at age t becomes

ct =
Wt∑h(t)

s=t

(
Qs
Qt
Ds−tR(1−γ)(s−t)

) 1
γ

. (95)

Let us define the marginal propensity to consume out of lifetime wealth

mt =
1∑h(t)

s=t

(
Qs
Qt
Ds−tR(1−γ)(s−t)

) 1
γ

, (96)

so
ct = mtWt. (97)

Then substituting (97) into the actual budget constraint

ct + bt+1 = yt +Rbt +B, (98)

we get

bt+1 + (mt − 1)Rbt = yt +B −mt

h(t)∑
s=t

ys +B

Rs−t
. (99)
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Let us define

Mt =

t−1∏
s=0

(1−ms), (100)

so
Mt+1 = (1−mt)Mt (101)

Then
t∑

s=0

bs+1 + (ms − 1)Rbs
RsMs+1

=
bt+1

RtMt+1
− b0 =

bt+1

RtMt+1
(102)

since b0 = 0. Substituting (99) into (102) for s = 0, ..., t, we obtain the path
for the bond demand

bt+1 =

t∑
s=0

Rt−s
Mt+1

Ms+1

ys +B −ms

h(s)∑
t′=s

yt′ +B

Rt′−s

 . (103)

Putting this into the bequest balance equation, we get

B

T∑
t=0

Qt =

T−1∑
t=0

t∑
s=0

(Qt −Qt+1)Rt+1−sMt+1

Ms+1

ys +B −ms

h(s)∑
t′=s

yt′ +B

Rt′−s

 .

If we rearrange the double sum on the right, this becomes

B

T∑
t=0

Qt =

T−1∑
s=0

T−1∑
t=s

(Qt −Qt+1)Rt+1−sMt+1

Ms+1

ys +B −mt

h(s)∑
t′=s

yt′ +B

Rt′−s

 .

Then if we switch the roles of s and t, we get

B

T∑
t=0

Qt =

T−1∑
t=0

T−1∑
s=t

(Qs −Qs+1)Rs+1−tMs+1

Mt+1

yt +B −mt

h(t)∑
t′=t

yt′ +B

Rt′−t


(104)

Let us define
js = (Qs −Qs+1)Rs+1Ms+1 (105)

and

Jt =
1

RtMt+1

T−1∑
s=t

js. (106)

Then we can rewrite (104) as

B

T∑
t=0

Qt =

T−1∑
t=0

Jt

yt +B −mt

h(t)∑
s=t

ys +B

Rs−t

 .
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Let us define the population as

P =

T∑
t=0

Qt. (107)

Thus the equilibrium bequest is

B =

∑T−1
t=0 Jt

(
yt −mt

∑h(t)
s=t

ys
Rs−t

)
P −

∑T−1
t=0 Jt

(
1−mt

∑h(t)
s=t

1
Rs−t

) ,
which simplifies to

B =

∑T−1
t=0 Jt

(
yt −mt

∑h(t)
s=t

ys
Rs−t

)
P −

∑T−1
t=0 Jt

(
1−mt

R
r

[
1− 1

Rh(t)−t+1

]) , (108)

where
r = R− 1. (109)
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